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Some apparent discrepancies  i n  t h e  d e f i n i t i o n  o r  c a l c u l a t i o n  o t h e  

C m l o m b  T-matrix are inves t iga t ed  i n  a n  approach t h a t  uses  s h i e l d e l  wave 

fznctions.  It i s  found t h a t  t h e  screened Zoulomb T-matrix behaves anoma- 

_. --nlat,rix, which .ias beer. derived previously, is shown t o  be e s s e n t i a l l y  

Zzrrect  o f f  t h e  e:iergy d i e l l .  

I n  t h e  usua l  app l i za t ion  of the  inpulse  approxination t o  a many-body 

aclattering problem, it i s  common t o  introduce t h e  two-body s z a t t e r i n g  

rntitxix o r  I -matr ix  (21 TI 5)- The t r a n s i t i o n  p r o b a b i l i t y  ?an  t h e n  be 

of t h e  in2-cial-  and f i n a l - s m t e  moneni.um d i s t r i b u t i o n s .  

_ _  !;sually it. i s  i;(::!-ssr.,ry +-.o make f u r t h e r  approxima+;ions, because ex- 

N N 
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Since 1 ::o I ~3 -orc'> wzve ftcnction i s  known exac t ly  i n  closed form, it 

i s  n a t u r a l  t o  consider using t h e  i q u l s e  approximation fo r  atomic scatter- 

ing  problems. Such ca l cu la t ions  have been made by'Pradhan, 1 f o r  instance,  

i n  t h e  case of e l e c t r c n  capture by protons, and by Kkerib and Borowitz 2 

I n  ;he case Of cTLectrori s - a t t e r i n g  by atomic hydrogen. 

Receritly, however, t h e r e  has  been, some doubt that, t h e  usual  formal 

E :s+,terir,g t h e  Jry, whicI1 leads t o  (1), i s  v a l i d  for a long  range fo rce  

sud- as t h e  ?c,cLcnb forze. Wqleton h a s  evaluated t h e  Zoulomb wave 3 

Ly m-panding i t  i n  Cmlcnb p a r t i a l  waves, and has  shown that ~?IP func- 

dependent. f a c t o r .  

cq-;"Ti-n satisf'irj. :y i n  mornentwn space, obtaining a similar re -  

suit. 

Previously Okubu and Feldman4 had studied t h e  Lntegral  

- 
The T - D a t r i x ,  whi-h i s  r e l a t ed  to t h e  wave operator by T = V P w  

d 

ir t j reTo'---  _ - I  r .cr l? l -n 

Fina l l , . ,  one : a ~ i  S?CN thar, t h e  i n t e g r a l  i n  (I), which has  pezn 

?mI.ua?xA I"qr a Z?c;iJCl? 

ITS nct t c  tLe ::rrerr YoU;ornb s c a t t e r i n g  amplitude. Fa?- if a 

3 cnvergen-e f a - t o r  

pc.teri'i.21 V(r) = INr by seve ra l  authors ,"  ' \  " 

I 

i s  used i n  (11, t h e  result i s  



. -  
- 1  . 4 tk?e ;or: - - ~ ~ ? , I J Z ;  sf’ t h e  powers a re  t o  be taken. I f  we  now set 

p = k and take  the Z i ~ i i t  A --+ 3, the  s2z t t c r ing  amplitude, which i s  

- 4 % / g  - t imes t h e  T-ma&rix, t u rns  out t o  be 

c 

where N;) is t,he usual  expression6 f o r  t he  Coulomb sza t t e r ing  

amplitude : 
_, 

The squared modulus of t h e  bratketed f a c t o r  i n  Eq. (4) i s  

a / s i n h ( q ) ,  s:mi;a,r t o  zhe e x t r a  fac tor  found by Mapleton 3 r d  by Okubu 

and Feldman. If t h e  l i m i t  7 + 0 i s  taken before  se t%ing  p = 6, an 

add i t iona l  fazt,or of 

- 
- 

(6) ( p s  k) 

wr,i:h i s  funJamenta1 t o  fornal s -a t te r ing  theory,  i s  not s t r i c t l y  v a l i d  

Tnr  :,uLollb s c a t t e ~ i n g L  3 e  same remark app l i e s  t o  the  integra? Equation 

‘’or ~ l - ~ e  “-1ri3t rice i/ii,i is 6erived from ( 7 ) .  Recqgrizicg this: 9kuliu arld 

‘i?d.im.an s,G.i;pste.3. <,i z‘ li -encrrnalizatim or  n .=iltoi’i’ p ’ ~  



k t o r t u n a t e i y ,  tile I"tLn2tions so c ~ n s t r w t e d  30 not then  s a t i s f y  the  

i n t e g r a l  equa%ion, so  that, these procedures must be viewed with some 

- a u t  ion. 

Cne way tr se5;tlt *lit quest icn i s  ts f i n d  t h e  T - m a t r i x  for a screened 

hulomb p s t e n t i s l  an3 s-fu?y i t , s  behavior a s  t h e  srtrenning i s  turned of f .  

I n  gener-&.i t h i ;  i s  a very ? i f f i : u l t  problezn, although i n  p r i n c i p l e  it 

'an be sslved by 3n exparlsirn cf  the Z-matrix i n  spheri-a1 harmonizs. 

u i ty  ?t  ? l - ~  F 7erg.y sLei.1 exrlsts, hcwever, t h e  - ?e f f i c i en t  

will be affezyect; consequently, t h i s  p2mt  can 

ITS o?ly t h e  1 = 0 cornponent of The T-lr,atrix. 

- ~ n ~ u q  potentials i o r  whizh m e  - -' 1 

tua-t ly,  the  C-Qtoff ';adonib p o t e ? t i d  and the 
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with 

and 

The expansion of I) (r) 

the familiar form 

in spherical harmonics may then be written in 43- 

FA(kr) - sin(kr - --nZ 1 + 
2- 

For the corresponding expansion of the T-matrix we write 

where 
1 

-I 

(15) 

- - 
2ik ’ 



n 
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~ K J  f "J :: in? L ~ I Z L L  in Eq. (15) nust y i e l d  t h e  same re su l t .  

For i.afer referen.?e we a l s o  give the usual expansionb of the Cculomb 

wave f'unction: 

f i 2  arg .* I -I- i . r l ) o  - (19) 

_"he -Large p a r m e t e r  7 i s  defined as i n  Eq. ( 3 ) -  The _"oulosllb r a d i a l  

wave f u x r i c n s  

gecmetrii  fun=+ i2ns: 

(krj ;aay be e-qressed in terms of c m f l u e n t  hyper- ?( 

f o r  the pure Z z - u i m b  f i e : l ,  even though the  s e r i e s  i n  Eq. 13 will not 

In + h e  foIlowing se-*+i  ns we sha-ii be -on?erned p r h a r i l y  with the 

-ai:uiat_ion of 

wrlich i s  clefinel by 

.Fzr tris purpcse we in t rodwe  a related quant i ty  I ( p ) ,  
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(24) 

Perhaps +-he simplest way t~ screen t h e  7oulomb f i e l d  i s  t o  cu t  it 

o f f  a t  r = R, sa that the poten t ia l  is 

[a r r < R  

W i t h i n  t h i s  f i e i d  the : = 3 wave f u n z t i c a  must be proport ional  t o  

M k r ) ,  and outs ide i t  a sinulsoid cf u n i t  aapi i tude;  hen-e 

where M and are t o  be determineri, The correct procedure i s  t o  

equate logarithmi: l e r i v a t i v e s  a t  I./:@ 

this i s  equivaient t o  ma+ :hing amplitudes and phases. 

f a1 i ows tha t  

s = R, but  t o  first orfier i n  

From Eq. (18) it 

v - 1, - - q i s g  ( 2 k ~ ) .  ( 2 7 )  

The next s tep  i s  ts aa;-.uFate 1 ( p ) ,  which !nay be i n i t t e n  

p P  

When p =' k, t ~ e  integra;  %? be p e r f x n e d  3ise:tiy, yieicling 

CAPITAL 
SCRl PT 
LETTER 0 
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Iii tills d e r l i ~  a- i c n  t n e  asynptot ic  form of t h e  func t ion  has  been 

used, so t h a t  t he  r e su l t  i s  apparently accurate  only t o  order l / k R .  It 

can be shown, hawever, that i f  logarithmiz d e r i v a t i v e s  are equated t o  

determine TJ and Eq. ( 2 9 )  i s  exact. ) Thus we f i n d  t h a t  

as e-xpezted. 

When p # k ,  T(p) may be evaluated by using the  i n t e g r a l  represen- 

' a t ion  

and interchanging the  order of  integrat ion:  

Tor convenience t h e  ?sntc~ur  i s  taken t o  be t h a t  shown i n  Fig. 1, with 

p r i n z i p a i  values of an3 (t - lwtc be used. 

I n  t h e  f i r s t  term of Eq. (321 the  contour i s  deformed and enlarged 

u n t i l  i t  becomes a zirz;e wh3se radius  tends t o  i n f i n i t y ;  here  we must be 

careful.  t o  add a t e r n  car!celing t h e  cont r ibu t ion  t h a t  comes from includ- 

Ing the  pole at 7 = ( k  - p )  /2k, The i n t e g r a l  around the  l a rge  c i r c l e  

i s  t h e n  e a s i l y  evaluated by expanding t h e  integrand i n  powers of 

The second term IE Eq. ( 3 2 )  I s  generally qui te  m&ll and may be esti- 

l/t. 

" a ~ c . a  by d e f o r ~ i ~ ~ ~  tile ontour i n t o  s t r a i g h t  l i n e s  i n  the  lower hal f  

piane alcng R e ( t )  = 12 a:,! Pe(t) = 1, plus s m a l l  c i r c l e s  ELI (AI, t =O 
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From Fig. 1 and the s t i p u l a t i o n  about p - i n z i p a l  va lues  it i s  clear that, 

heme  our f i n a l  resu l t .  i s  

The most remarkable f e a t u r e  of Eq. (35)  i s  t h a t ,  i n  t h e  l i m i t  R -+ CO, 

it d i sp lays  p rec i se ly  t h e  s o r t  of d i scont inui ty  a t  t h e  energy s h e l l  p re-  

d i c t e d  by Eq. (21, Of course, t h e  value of & r i g h t  on t h e  energy 

s h e l l  i s  given e o r r e c t l y  by Eq. ( 2 9 )  and cannot be obtained from Eq. (35) .  

I n  fact.,  it i s  - l e a s  from Eq. (35)  t h a t  these  pronounced changes i n  magni- 

tude take  place wi th in  a narrow region about p = k, whose width i s  of 

t h e  order  of one over t h e  :range of the  force.  Tke s igni f icance  of t h i s  

r e s u l t  w i l l  be diszussed i n  a l a t e r  sect,ion. 
d 

I\'. FIULTHEN PJTE2J'TIAL 

To make s u e  t h a t  t.he r e s u l t s  just, obtained a r e  not unique t o  t h e  

clxkoff' Coulomb pot,ential ,  i.et us perform a similar ca l cu la t ion  f o r  3. 

p o t e n t i a l  with exponerhial  screening, We s h a l l  use the  HulthGn p o t e n t i a l  
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for which t h e  i = 0 r a d i a l  wave funct ion may be w r i t t e n  i n  c losed form: 

&(kr) = I?%@) .c wkRe/@f$l + i - ,  - i P ;  - 2; z ) ,  ( 3 7 )  

We assume R l a r g e  enough t h a t  lq,/kRl << 1; consequently a i s  r e a l .  
c - 

The normalization constant N and t h e  phase s h i f t  are determined as 

This may be obtained by expand- usua l  by t h e  asyraptotic form of F (kr . 
i n g  t h e  hypergeometric func t ion  about 

r >> R 

A )  
z = 1, with t h e  result t h a t  f o r  

v+ -( ,r(ia 
ip, y40) r l + i u r l  - - -  - -  

Equation (40)  may be w r i t t e n  F d k r )  - s i n ( k r  + €& i f  we t a k e  

( 4 1 )  

and 

The case  of i n t e r e s t  i s  R + C O ,  so t h a t  a + 1 and +a. We may the re -  

fcre est imate  t h e  gamla ?imctilsns by their .  asymptotic vaiues,  o b t a i r i n g  

- 
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t r : t  ? r ~ r ~ x a l i ~ . i ? I _ :  :iri-fant 3rd the  phise snift then take on the familiar 

V a l  u e  s 

N -  1, f i  - 1 ICg (2kR).  (44)  

It i s  also intereszfng t G  f i rd  the f o m  of Fh(krj when r << R. 

Using t h e  re:.at,ionship _. 

SCRIPT 
LETTER 0 

between xdinasy  asd tmfLuent ,  %ypesgeometric f u n z t i m s ,  we may write 

Let, us turn now t o  the evaluation of I ( p ) ,  which i n  t h i s  case can 

'Le carr ied cut exa-tlyo 

z = i - e q / - r / R j ,  I (pl  becanes 

I ( p )  = 7~~kPll 'Nq) 

After the variable of integrat ion i s  cha-wed t o  

1 
( i  - zWm.1 + h, Z - ig; 2; z )  dz, (47)  - 

wh e:r e 

9 
This  integral  2a.n be expressed 

function: 

i n  berm of a generalized hypergeometric 

W e  may s iap i i fy  Eqe (49 :pnsi83erBbly by iwoking the  se r i e s  def ini t ions 
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.This expression i s  v a l i d  for a l l  p. Wren p = k, y = 0 and we - 
get 

just as in Eq. (29); t hus  

When p k, both B a n i  y a r e  la rge  cmpared t o  a. Again using t h e  

asymptctiz form of the ganma funct ion we obtain 

- - - 

where A = l . / B o  

se - t ion  i n  the region wiiere botth a r e  va l id ,  ice., 

T'his agrees p e r f e c t l y  with the residt of the previous - 
Ip - kl >> 1/R. 

*.'* 31 S 'VSSISN 

"ne  foregcing wizi lys i s  can of cc)usse he exten3ed t o  values cf 7 

beyond ': = C. althwt-4 r ~ : , , : l t s  i n  cicised form a r e  posqi 'r le o n l v  f'<\r t h e  
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" 7 d t  ,ff -sLdzA2Lk ti- -,- + '" + ia i -  ii i s  w e l l  t h a t  t h e  phase s h i f t s  so 

obtained a r e  given by  

$&- a- il % ( 2 W ,  (55) - 
proYifie3 that << kR. When 1 >> kR, t h e  phase shifts f a l l  r a p i d l y  t o  

zerc  bezause of t h e  angular momentum b a r r i e r ;  t h e  intermediate  region 

: - kR i s  qu i t e  'hard t o  handie. 

Under t '9e assu?lpti?n, however, tha t ,  R i s  so l a rge  as t o  make con- 

t r ibu t , i rns  f r n  

and (17) r e v e d s  t h a t  

L 5 k! general ly  negligible," comparison of Eqs. (11) 

The equa l i ty  does not hold for r > F because $$z) has logari thmic 

d i s t o r t i o n s  nor. possesed by &(r). 

N 

N 
N 

Let us now assume t h a t  (2ITlfS) 
but using Eqo (56), ra thes  than  j u s t  

I&$(:\- 

i s  ca lcu la ted  as i n  t h e  Introduct ion,  

%r\ as t h e  approximation t o  
f hN ' 
Quit,e cbviously, t h e  r e s u l t  i s  i d e n t i c a l  t o  Eq. ( 2 )  except that 

' -1 

Tf we now expand EqY f 

'JF) f i n d  th%.t 

i n  Legendre pol.y-nomials according t o  Eq. (14), 
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and 

We w e  p r i a a r i i y  zcwerned w i t h  t h e  c o e f f i c i e n t  

ob ta inea :  

which i s  e a s i l y  

Thus t h e  7 :-: 3 . xpmen t  of Eq. (u i s  given by 

This agrees  with t h e  r e s u i t s  of see. 111 and ET when &+ l&( both i n  

magnitude a d  phase ( t h e  Limit A 3 G i s  understood). If t h e  ca lcu la-  

t i o n s  cf secD I11 a r e  repeated for higher values  of j ,  one again f i n d s  

agreeaent  with E q l  :57\ fcr g+ kk'! We w e  the re fo re  l e d  t o  t h e  con- 

c l u s i m  t ra t  the T>uiC),nk T-matrix does possess  a d iscont inui ty  a t  t h e  

energy s n e i i ,  and that, furlheram-e the  I-matrix i s  comeectly represented 

?ff +,he energy shel., by Eq. ( Z ) ,  provided 

It i s  not ciiffi:ul_t ts see why Eq. ( E )  g ives  inco r rec t  r e s u l t s  on 

- 

i s  replaced by 

+!he energy s h e 2  w e n  t k x  approsima'cion (56; i s  usede I n  the first place  

t b e  % ~ d ~ s y A ~  -e* p b L r r L t i 3 i i  - i s  a ,mg-range pcxen t i s l ,  even though a conjer-  

c,er,ce fa-tor i s  usedo de,:, w e  may expect t o  ge t  ncnt r ibu t ions  frm the  

'i sLmpt I + i I rpgi on cf where the ap'prcxiaation i s  riot vrlid. Bow- 
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appear a f t e r  t he  angular in tegra t i sn ,  

region a r e  negl ig ib le  unless  

d i t i o n  found i n  se-.. 111 and Z'J. 

r ibu t ions  from t h e  asymptotic 

1p - kl - 1/R.  This i s  pre2isei.y t h e  con- 

I n  sumary, then, we have s e e n t h a t  t he  d isccnt inui ty  i n  the  T-natrix 

found by Gkubu and FeLdnan and by Mapleton i s  qui te  real," and t h a t  o f f  

the energy she11 Eq. (2) ' i s  e s s e n t i a l l y  ccr rec t .  Thus, Eq. (I), which 

i s  a v a l i d  d e f i n i t i o n  of t ? e  T - m a t r i x  for f i n i t e  range forces ,  may a l s o  

be used far the  ':ou?enb f a rze  provided t h a t  shielding e f f e c t s  a r e  taken 

iyLt,o a2:cunt when H= &'! 

The author i s  indebted t o  Dr, .io A. Madsen and Prof. R. M. Thaler 

f e r  several  s T i m u i a t  ing d i sxs s ims  of l?oulomb sca t te r ing .  
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A - 7'lLIL'lN3 SCATTEEING AMPLITUDE 

We have d e l i b e r a t e l y  ignored the  problem of evaluat ing (p lT lk )  on 
N N  

t he  energy s h e l l ,  o r  t h e  equivalent problem of f ind ing  t h e  screened 

Zoulomb s z a t t e r i n g  amplitude i n  t h e  l i m i t  of zero screening. 

tomary way of doing t h i s  i s  t o  look a t  t h e  c o e f f i c i e n t  of w' i n  

t h e  asymptotic expansion of Eq. (56).  

Eq. (56 )  is va l id  m l y  when r < R; it cannot be used when r i s  much 

l a r g e r  than t h e  range 3f t h e  force.  On t h e  other  hand, the  experimental 

sitLiacion, i n  which measurements a r e  made by a de tec to r  located w e l l  out- 

aide t9e rarLge af  the f a x e ,  c l e a r l y  corresponds t o  r >> R. 

The cus- 

We have seen, however, t h a t  

One may argue t h a t ,  as l m g  as k r  >> 7 ,  it does not  matter much 

wl-,et%er r < R o r  r R; t h e  asymptotic form changes very l i t t l e .  This 

i s  probably t r u e ,  but it would be n ine  t o  have a direct  v e r i f i c a t i o n  suzh 

as we have presented here  for %he T-matrix off  t h e  energy she l l .  

involves performing t h e  sum 

This 

where,, f o r  kR << 2 ,  

%= a- 2 l og  2kR. ( A 2 )  

f o r  l a r g e  2 ,  so t h a t  t h e  ( I n c i d e n t a i i y ,  we note t b a t  w- 2 i c g (  2 -C 1) 

p h s e  s h i f t s  s, approach zer3  as 2 approaches kS.) 

A t  f irst  w e  though+ ttlat Eq. (2) might have p r e c i s e l y  t h e  c o r r e c t  

snguL&r dependewe an t i e  energy she l i ,  i n  spite of t h e  f a c t  tnat  i t s  

mgni tud?  i s  c l e a r l y  wr- rg. Hawever, upon evaluat,ing % f o r  by= 
LE f i n d  

I 2 



where a s  before  R = lj5. Thus, the  expansion of Eq. (2) on the  energy 

s h e l l  ( . w i t h  replacing 8% lead0 t o  

where L i s  very i a rge  hut  s a t i s f i e s  L << kR, €$, i s  given by 

Eq. (A21, terms of order 3/kR have been ignored, and 6? represents  

the rest of %he series. It, i s  evident t h a t  even apa r t  from t h e  f a c t o r  

I '(i + i l l ) ,  t he  s e r i e s  i n  Eq. ( A 4 )  i s  d i f f e ren t  from that,  i n  (Al). - - I  

We ,:ouid argue, as do Landau a n i  L i fsh i tz , '  t h a t  t h e  quant i ty  

apprcazhes 26(? - - 3 s  as L -, Q) an5 s3 i s  only  impcrtant when 

8 ,< E - i/I, 

cf except a t  very s m a l l  a n z l e s ,  p m -  

7Tided t h a t  63 i s  negl ig ib le  when L> (The fazfor  r ( l  - ill) has 

keen noted prev ims lv :   if, Ea_. (41 , )  

- 
I n  that, zase Eqs .  ( A i )  sn3 (A4) d i f f e r  m i y  by a fact lor  - -  

r(i - i ~ ) e x p ( - 2 i m l  -- r'i - ill t c r  - - - 
- - 

?he above argument, IS tmt very sa t i s fy ing ,  but since we have been 

unable tc sum FaLo [lii , i~ ~i i l i  have t o  do. The prescrip:ion fcr 
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become 

?he ex t r a  facltx of exp -111 LQg 2kr ;  cc3lir-g f r o n  step (1:. Note that  

this expression for 

fcrm c.f Pa,.. (56' if r Q -  A s s d q g  t k f e  -nrrentness  of Eq. (A5), we 

m y  tilen list the berlavicr cf a,, l(g1 'TI k! I near t a e  energy s h e l l  as 

- 
\ TJ~K- a l s o  be obt-airled frcm t h e  asprpt3tic: %: 

iim 
N 



Y 
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F I G I J U  LEGENP 

Ti& 1 - 'Jzntcur f c r  elraluatim of Eqo ( 3 2 ) .  
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